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Some results on Green's higher 
Abel-Jacobi map 



By Claire Voisin" 



1. Introduction 



This paper is devoted to the study of the first higher Abel-Jacobi invariant 
defined by M. Green in [4] for zero-cycles on a surface. Green's work is a 
very original attempt to understand, at least over C, the graded pieces of the 
conjecturally defined filtration on Chow groups 

CR p {X) Q = F°CBP(X)q D F 1 CH p (X)q 

= CW(X)$ m D . . . D f p+1 cb: p {x)q = 0. 

This filtration should satisfy the following properties: 

i) First of all it should be stable under correspondences, so that a corre- 
spondence rclxr" should induce 

I\ : F k CH p (X) Q -> F k CW>'(Y) Q , 

where p' = p + dim Y — dimT, and 

ii) the induced map 

Gr fe r, : Gv k F CR p {X) Q -> Gv k F CR p '(Y) q 
should vanish when T is homologous to zero. 

A filtration satisfying this last property has been constructed by Saito [11], 
but it is not shown that the filtration terminates, that is F p+1 CW(X)q = 0. 
A definition has also been proposed by J. P. Murre ([8]), under the assumption 
that a strong Kiinneth decomposition of the diagonal exists, but it is not proved 
to satisfy condition ii) above. In fact proving the existence of such a filtration 
would solve in particular Bloch's conjecture on zero-cycles of surfaces [1]. 

In any case, the first steps of the filtration are easy to understand, at least 
for zero-cycles. Namely one should have F 2 CHo(X) = CHo(X) a ib = Keralb, 
where alb : CHo(AT)hom — ► Alb(X) is the Albanese map. More generally for 
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the subgroup CH. p (X)^ e C CW(X)q of cycles algebraically equivalent to zero, 
one should have over C, F 2 CH p (X)g g = Ker$^, where 

& x : CH p (A)Jf" J 2p ' 1 = H 2p - 1 (X,C)/F p H 2p - 1 (X)®H 2p -\X,Z) 

is the Abel-Jacobi map, defined by Griffiths [5]. 

In [4], M. Green suggested constructing directly (over C), from Hodge 
theoretic considerations, higher Abel-Jacobi maps 

C : F m CE p (X) - J p m {X), 

so that F m+1 CH p (X) = Kerip^. Hence one should have an induced injective 
map 

C : Gr m CB p (X) - J p m (X). 

In the case of zero cycles on a surface, he proposed an explicit construction of 

(1-1) V>1 = Gr 2 CH 2 (,S) = CH (,S) alb -> J 2 (S) 

that we will review below. The purpose of this paper is to answer some ques- 
tions raised in [4], concerning the behaviour of if) 2 . To simplify the notation, 
we will assume throughout that S is regular, but this assumption does not 
play any role in the arguments. Our first result is the following, which answers 
negatively conjecture 3.4 of [4]: 

Theorem 1. The higher Abel-Jacobi map is not, in general, injective. 

The noninjectivity is proved here for an explicit example but the argument 
should allow us to prove, as we will explain, that ty\ is never injective for 
surfaces with CHo(S') a ib / 0. 

Our second result solves, in particular, conjecture 3.6 of [4]: 

Theorem 2. The map is nontrivial modulo torsion (and has an infinite 
dimensional image), when h 2 '°(S) ^ 0. 

As an intermediate step, we explain how Mumford's pull-back Z*(uj) of a 
holomorphic two-form a; of a surface S on a variety W parametrizing 0-cycles 
(Z w ) we w of S (cf. [7]) can be computed when one has a family C — > W of 
curves of S parametrized by W, such that for each w G W, the 0-cycle Z w is 
supported on C w . There are then two associated Abel-Jacobi invariants ec w ,S 
and fz w ,c w t° be defined below, which play a key role in the construction of 
ip2(Z w ), and we show that Z*(uj) can be computed from the wedge product 
de Adf. We then use this result to show that in fact Z*uj depends only on the 
map :W ^J$(S). 

Thus our results show that the first new higher Abel-Jacobi map defined 
by Mark Green is not strong enough to capture the whole of CHo(S , ) a ib as it 
should conjecturally do, but that it is strong enough to determine Mumford's 
invariants, which were used to show that CHo(S , ) a ib is infinite dimensional, 
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when h 2 '°(S) ^ 0. The question of whether it is possible to refine it so as to 
get the desired injectivity of 1.1 is still open. 

The paper is organized as follows: The result above concerning the pull- 
back of holomorphic two forms (Proposition 2) provides the contents of Sec- 
tion 3. Theorem 1 is proved in Section 2, and Theorem 2 is proved in Section 4. 

We conclude this introduction with a brief description of ip 2 , which will 
serve also as an introduction for the notation used throughout the paper. 

Let S be a regular surface, and let C be a smooth (not necessarily con- 
nected) curve; let tp : C — > S be a morphism generically one-to-one on its 
image. We can find an immersion (f> : C <^-> S, and a birational morphism 
r : S — > S such that ip = r o 0. 

Now let Z be a 0-cycle of C, of degree on each component of C. We 
construct two Abel-Jacobi invariants ec,s an d fz,c as follows: 

The mixed Hodge structure on H 2 (S, C) is given by the Hodge filtration 
F' on H 2 (S, C), which fits in the exact sequence 

(1.2) -► H\C,Z) -»• H 2 (S,C,Z) -> Ker(F 2 (,S,Z) -» H 2 (C,Z)) -> 0. 

The filtration F' restricts to the Hodge filtration on i? 1 (C) and projects to the 
Hodge filtration on Ker(# 2 (5,Z) -» H 2 (C,Z)). 

Define ^(5, Z) to as the quotient H 2 (S, Z)/NS(S). Then its dual H 2 (S, Z), 
is the orthogonal of NS(S) in H 2 (S, Z). There is an inclusion of Hodge struc- 
tures 

r* : iJ 2 (,S,Z) tr -^ Ker(iJ 2 (,§,Z) -> H 2 (C,Z)). 

Restricting the extension (1.2) to H 2 (S, Z) tr ~, we get an exact sequence of mixed 
Hodge structures 

-» H X (C,T) -» H 2 (S,C,Z) tI -► H 2 (S,Z) t ;^ 0. 

The extension class of this exact sequence is an element ec*,s of the complex 
torus (cf. [3]), 

J(CxS) tr := ^(CQ^^^Qtr/tF 2 ^ 1 ^)®^ 2 ^) 

eir 1 (c,z)<8)fr 2 (s , ,z) tr ]. 

It is not difficult to prove that it can be also computed as the natural projection 
of the Abel-Jacobi invariant of the one-cycle obtained from the graph of ip 
(which is a one-cycle of C x S) by adding vertical and horizontal one-cycles of 
C x S in order to get a homologically trivial one-cycle. 
It is well-known that the inclusion 

H\C,R) ®H 2 (S,R) tT C H\C,C)®H 2 (S,C)tr 

induces an isomorphism 

H\C,R)®H 2 (S,R) tT * H\C,C)®H 2 (S,C) tT /F 2 (H 1 (C)^H 2 (S) tT ), 
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and this allows us to identify J(C x S)t T to the real torus 

H\C, Z) ®z H 2 (S, Z) tr ®z R/Z. 

We will view ec,s as an element of this real torus. 

Now the zero-cycle Z has an Abel-Jacobi invariant (Albanese image) 

fz,c € J(C) H l (C,C)/[F l H l {C)®H\CM- 

Again, the inclusion i^ 1 (C, R) C H 1 ^, C) induces an isomorphism M) = 

H 1 (C,C)/F 1 H 1 (C), which provides the identification 

J(C) H X {C,%) ® z R/Z. 

We will view /^c as an element of the real torus on the right. 
The pairing 

H\C,Z) ®z H\C,Z) -> Z 

allows us then to contract ec,s an d fz,c to an element 

ec,s ■ fz,c G M/Z ® z R/Z ® z tf 2 (S, Z) tr . 

Defining now C/f C R/Z <g>% R/Z ®z H 2 (S, Z) tr as the group generated by the 
elements ec,s ■ fz,c defined above, for the triples (C, Z, ijj) such that ip*(Z) = 
as a zero-cycle of S, it is clear that the projection 

e C ,s ■ fz,c G J| (5) := R/Z ® z R/Z ® z 2 (S, Z) tr /C/| 
depends only on the zero-cycle ip*(Z). The resulting map 

is then easily seen to factor through rational equivalence, so that ^| i s actually 
defined on CHg(S). 

Acknowledgements. I would like to thank P. Griffiths for his careful read- 
ing of the first version of this paper, and for the improvements he suggested. 



2. The noninjectivity of ty\ 

In this section we construct a counterexample to the conjectured injectiv- 
ity of the map 

$ : CH (5) alb - Jl(S). 

The counterexample is based on a refinement of the following argument. 

First of all, if T C C x S is a correspondence homologous to zero, with 
Abel-Jacobi invariant 

e r G J(C x S)tr, 
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we show that 

^oT* :CH (C) hom ^ Jl(S) 

is given by 

ip% o F*(z) = e r • f z mod C/f , 

where f z = alb(z) G J(C) = H 1 (C,Z)®'R/Z. Now we view er as an element of 
Rom(H 2 (S, Z)tr", H l {C, Z) <g>R/Z) and we note that if its image is contained in 
a proper real subtorus T of Z) (g)R/Z, there is a nontrivial real subtorus 

T x of H l (C, Z) <g> R/Z such that, if f z G T x , 

e r • / 2 = in fT^S, Z) tr ® R/Z <g) R/Z. 

Then the injectivity of would imply that T 1 - C Kerr*, and if J(C) is 
simple, this would imply that = 0, and then er would be a torsion point 
in J(C x S)tr- So it suffices to find C, T as above with er not of torsion 
(or I\ 7^ 0), J(C) simple and Imer contained in a proper real subtorus T of 
i? 1 (C, Z) ®R/Z to contradict the injectivity of 

We start with the simple Lemma 1 below which allows us to extend slightly 
the definition of Let S be a regular surface, C be a smooth curve and T G 
CHi(C x S) be a one-cycle; the homology class of T lies in .^(C) ©-/^(S^aig, so 
that adding to T vertical and horizontal cycles we can get a cycle T' homologous 
to zero: Then the induced morphisms 

r* : CH°(C) - CB° (S), r; : CH°(C) -> CH°(S) 

coincide, and the Abel-Jacobi image of r" in J(C x S') tr (see Section 1) does 
not depend on the choice of T'. We will denote it by er- As in Section 1, we 
can view er as an element of the real torus 

H^C, Z) ® z H 2 (S, Z) tr ® z R/Z. 

By contraction and use of the intersection pairing on H X (C, Z), er gives a map 

[e r ] : JC H\C, Z) ® z R/Z -» R/Z ® z R/Z ® z il 2 (5, Z) tr . 

We have now: 

Lemma 1. For z G JC, ^(T*^)) G J 2^) ^ s equal to the projection of 
[er](z) modulo C/f (S^, using the definition 

Jl(S) := R/Z <g> z R/Z ® z F 2 (5, Z) tr /[/| 

0/ Section 1. 

Proof. This is true by definition if T is the graph of a morphism 
from C to S, generically one-to-one on its image. Now let C\ S be the 
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desingularization of the inclusion of pr 2 (Suppr) in S. Then T lifts to a one- 
cycle Ti E C x Ci, such that 

r, = ^or lt : jc^cr° (S). 

We have then 

= projection of [e r J(ri*(,z)) in J 2 (S). 

Now it suffices to prove that 

[er] = [erj ° T u : J(C) -> R/Z ® z R/Z ® z # 2 (S, Z) tr . 

But Ti induces naturally a correspondence r\ between C x S and Ci x S 1 ; 
hence a morphism 

fj : CHi(Ci xS)^ CHi(C x 5), 

such that r = rat r^r^). It follows that er = rj(er^) in J(C x S)t r , where 
also denotes the induced morphism between the intermediate jacobians 
J(d x S)tr and J(C x S) tl . 

Let Fl z : i? 1 (Ci,Z) — > H 1 ^, Z) be the morphism of Hodge structures 
induced by the cohomology class of Ti in C x Ci; then the morphism is 
induced by the morphism of Hodge structures 

r* lZ ® id : h 1 (Ci , z) ® # 2 (5, z) tr -> # 1 (c, z) ® # 2 (5, z) tr , 

and it follows that we have a commutative diagram 

n M <g)Id : fl-^Ci.R) <8)F 2 (,S,R)t r -> fl^C, R) ® F 2 (S, R) tr 

I I 

fjcmodF 2 : ^(c^q^^^cv/F 2 -> f 1 ^, q ® # 2 (s, q tr /F 2 , 

where the vertical arrows are the identifications already used between real 
cohomology and complex cohomology mod F 2 , and the last horizontal map 
induces 

f J : J(Ci x S) tr -> J(C7 x 

by passing to the quotient modulo integral cohomology. This means that, 
viewed as elements of J(C\) (3z,H 2 (S, Z) tr and J{C) ®i H 2 (S, Z) tr respectively, 
er and er satisfy the relation 

e r = rj®Id(er^). 

Now it suffices to note that the contraction maps 

(,) Cl - J{C 1 )® Z J{C 1 ) -^R/Z® Z R/Z, 
(,) C : J(C) ® z J(C) -> R/Z ® z R/Z 
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satisfy the relation 

(T u (z),w) Cl = (z,T*i(w))c, ze J(C),w€ J(Ci), 

to get 

[erj(ri*(2)) = (r u (z),e r ^)ci 

= (2,n<g)Id(erJ}c = (^,er}c = [e r ](*)> 
as desired. □ 

The following Lemma 2 is quite standard (cf. [10]); let T G CHi(C x S 1 ) 
be a correspondence, and let 

r* : J(C) CH§(5) 
be the induced morphism; we have: 

Lemma 2. Kerr* is a countable union of translates of an abelian subva- 
riety of J(C) . 

Proof. Kerr* is a subgroup of J(C), and is a countable union of algebraic 
subsets of J(C). The union of the irreducible algebraic subsets of J(C) passing 
through and contained in Ker r* is stable under difference which implies that 
it can be written as an increasing union of irreducible algebraic subsets of J(C). 
So it must be in fact an algebraic subset of J(C), stable under difference, that 
is an abelian subvariety of J{C). Hence the result. □ 

Now assume some real subtorus T of J(C) = H l (C, M)/i? 1 (C, Z) is con- 
tained in Kerr*; then if A C J(C) is the maximal abelian subvariety contained 
in Kerr*, so that by Lemma 2, Kerr* = \J me %A + t m for some t m G J(C), 
then 

T= |J TD(A + t m ). 

mgZ 

It follows that some T n (A + t m ) must contain an open set of T, and this 
implies easily that in fact T is contained in A. So we have proved: 

Lemma 3. Let T be a real subtorus of J(C) contained in Kerr*; then 
there is an abelian subvariety A of J(C) such that T C A C Kerr*. In 
particular, if T is nontrivial and T C B where B is a simple abelian subvariety 
of J(C) (i.e. there is no proper nontrivial abelian subvariety of B), then B C 
Ker r* . 

We want to apply these observations to show the noninjectivity of the 
higher Abel-Jacobi map i\>\ : CHq(5) — > J^iS). Let C be a curve, and 
r G CHi(C x S) be a correspondence. Let e r G J{C) <g> z H 2 (S,Z) tr be the 
corresponding Abel-Jacobi invariant. We can view er as an element 

[e r ]* eRom(H 2 (S,Z) t ;,J(C)). 
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Assume there is a proper real subtorus T of J(C) containing Im [er]*; i.e. there 
is a proper sublattice T z of H X {C,%) such that Im [e r ]* C T z ®% R/Z. Then 
by definition of [er] 

T L := T£ ® z R/Z C Ker [e r ]. 

Similarly, if B <^-> J(C) is an abelian subvariety, and B is the corresponding 
quotient of J(C), let J(C x S 1 )^ be the induced quotient of J(C x S) tr ; that 
is, writing 5 = Bq/B 1 ' © J5 Z , then 

J(C x S)g := B c © tf 2 (S, C) tl /F 2 {B C © F 2 (S, C) tr ) © £ z ® tf 2 (S, Z) tr . 

Let 

[e r ]^ GHom(iJ 2 (5,Zy,B) 

be the composition of [er]* with the projection J(C) — ► S. Let ep G J(C7 x 5)^ 
be the projection of er- Note that [er]*} is simply ep viewed as an element of 
Hom(H 2 (S, Z)t r ", .B) using the real representations of the (intermediate) jaco- 
bians 

J(C x S)£ Hom z (ff 2 (S, Z) tI ~, B. © z R/Z). 

If Im [er]*3 is contained in a proper real subtorus T of B, the orthogonal torus 
T ± C -B is contained in Ker [er]|£- 

In this situation, assume now that ij;?. is injective and that B is simple: 
then by Lemma 1, one finds that vanishes on T 1 - C B, and by Lemma 3, 
one concludes that vanishes on B. Now this implies: 

Proposition 1. Under the above assumptions, the projection ep of er 
in J(C x S 1 )^ is in fact a torsion point. 

This follows from L*| B = and from the following lemma (cf. [4], [2]) 
applied to the correspondence r o it B where ttb is a multiple of a projector 
from J(C) to B: 

Lemma 4. Let T € CHi(C x5) be a correspondence such that the corre- 
sponding map : J(C) — > CHq(5) is zero; then the Abel-Jacobi invariant er 
is a torsion point of J(C x S) tv - 

In order to contradict the injectivity of ij} 2 it suffices then to find a smooth 
curve C, a simple abelian subvariety B of J(C) and a correspondence T G 
CHi(C x S) satisfying the following properties: 

- The projection ep 5 of the Abel-Jacobi invariant er € J(C x S) tI in 
J(C x 5)^ is not a torsion point. 

- The image of the map 

[e r ]* B :H 2 (S,Z) t ;^B 
is contained in a proper real subtorus of B. 
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To get an explicit example, we use a construction due to Paranjape ([9]). 
Consider a K3 surface S which is the desingularization of a general double 
cover of P 2 branched along the union of six lines. Then rk NS(S) = 16, hence 
^2(<S*)tr = 6. Paranjape constructs a genus 5 curve C, which is a ramified 
cover of an elliptic curve E, with an automorphism j of order 4, acting on 
B := (Ker Nm : J(C) — ► J(E))°, a four dimensional abelian variety. The K3 
surface S is birational to a quotient of C x C by a finite group. Let r : CxC — > S 
be the quotient (rational) map; for generic c G C, r is everywhere defined along 
c x C and we get a family of one-cycles of C x S parametrized by C, 

c G Cgen >->■ T c := graph of r\ cxC C C x S. 

This family induces an Abel-Jacobi map 

r* : J(C) -> J(C x 5). 

Using the projection 

J(C xS)^ J(C x S)tr -> J(C x S)£ 

and restricting the map r* to B C J(C), we get a morphism (of complex tori) 

rf : B -> J(C x 

This morphism corresponds to a morphism of Hodge structures 

</>r:B z ^B z ®H 2 (S,Z) tl , 

where B = Bc/F l Bc © B%, B% = B£. One verifies easily that the correspond- 
ing morphism of Hodge structures 

# :H 2 (S,Z) tl ~^ B z ®Bz 

is the composite of the pull-back map 

r* : H 2 (S, Z)^ -> # X (C, Z) <g> 1 (C, Z) 

and of the projection map 

ff^C.ZJOff^CZ) -> Bz®B z . 

Paranjape ([9]) shows that is injective. It follows that </>r is nonzero. 

Now let w £ Bz be such that <j>r(u) / 0. There are at most countably 
many points Ui in the real torus (R/Z) • u such that Ff(ui) is of torsion in 
J(C x S)^. Let a G R/Z be such that Tf(a ■ u) is not of torsion; now view 
(j>v{u) as an element [<^r(«)] of Hom(H 2 (S,Z) tr ~, Bz)- Since &2,tr(S') = 6 and 
rkBi = 8, the image of [</>r(^)] is contained in a proper sublattice of B%. It 
follows that \4>y{u)\ <g>a G Hom(# 2 (S, Z) tr ", i?z <g) R/Z) has its image contained 
in a proper subtorus of B£® R/Z. 

Since is induced by the Abel-Jacobi map, there is a one-cycle r u . Q in 
Cx5 such that e^ u a = Tf(a ■ u). Consider now the corresponding element 



460 



CLAIRE VOISIN 



[ e r„. a ]s °f Hom.(H 2 (S, Z) tr ", B% ® R/Z). Since </>r is a morphism of Hodge 
structures, we have a commutative diagram 



where the vertical maps are the identifications already used above. It follows 
that [erVcJ^ is equal to [</>r(^)] ®a, hence has its image contained in a proper 
subtorus of B% <g) R/Z. 

To conclude that this is the desired counterexample, it suffices to note 
that for general S, B is a simple abelian variety. This follows from the fact 
that (B,j) determines the Hodge structure on H 2 (S) t r (cf. [9]), which implies 
that B has at least four moduli. Then a dimension count shows that the 
moduli space of nonsimple abelian varieties A of dimension 4 admitting an 
automorphism of order 4, acting on H 1, (A) with two eigenvalues equal to i 
and two eigenvalues equal to —i, as is the case in Paranjape's family, is of 
dimension strictly less than 4. □ 

The counterexample given here is quite special, but it seems from the 
line of the argument that the noninjectivity of for a surface with infinite 
dimensional CHo is a general fact; indeed take any such surface S (regular 
for simplicity) and choose a finite sufficiently ample and generic morphism 
4> : S — > P 2 . Let C be a sufficiently general and ample curve in P 2 such that 
C = 4>~ 1 {C) is smooth, J(C) is simple, and j* : B — ► CHo(S') has an at most 
countable kernel, where j is the inclusion of C in S and B := (KeriVm : 
J(C) — > J(C))o- Now choose a dimension-1 real subtorus T of 4>*(J(C)) and 
let T 1 - C J{C) be its orthogonal. Consider a general small deformation Ct of 
C. The associated element s of J(Ct x S) tr varies holomorphically with t 
and the corresponding element [eg s ]* G Hom(i7 2 (S", Z) tr ", fT^C*, Z) ®R/Z) ^ 
Hom(i7 2 (S, Z) tr ", H l {C, Z) ®R/Z) varies in a real analytic way. By construc- 
tion, we have Im [e^ s ]* C T -1 , and the locus where Im [e^ s ]* remains con- 
tained in T 1 - is defined by &2(<S')tr real analytic equations. Now, the arguments 
developed above show that if is injective, for t in this locus, there is an 
abelian subvariety A t of J(Ct) such that 



The simplicity of J(C) and the fact that <p*(J(C)) is the maximal abelian 



(/>r®R/Z: £ z <g>R/Z 
I 



Hom(F 2 (5, Z) tr - 5 Z ® R/Z) 
I 

J(C x 5)g 



T C A t C Kerjt,. 




A contradiction would follow by proving the following facts: 
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- The small deformations Ct of C = Co such that J(Ct) contains a de- 
formation of (p*(J(C)) are the curves of the form <^~ 1 (Ct) where <pt is 
a deformation of (j) and Ct is a deformation of C. In particular they 
form a sublocus of the family of deformations of C t of arbitrarily large 
codimension. 

- The locus where Im [eg s ]* remains contained in T 1 - is actually of real 
codimension less or equal to &2(£')tr- (This is not clear since the equations 
are only real analytic, and not holomorphic, but this could be proved by 
an infinitesimal study: it would suffice to show that the equations have 
independent differentials at 0.) 



3. A formula for the pull-back of 
holomorphic two-forms 

Let S be a regular surface. Let W be a complex ball parametrizing the 
following data: 

C is a smooth complex variety, ir : C — ► W is a proper submersive holo- 
morphic map of relative dimension 1. 

S is a smooth complex variety, p : S — > W is a proper submersive holo- 
morphic map of relative dimension 2. 

There exists a holomorphic map r : S — > W x S, making the following 
diagram commutative 

S ^ W xS 

Pi Pfi I 

W = W 

Furthermore, T\s w ■ S w — > S is a birational map for each -u; G VF. 

Let : C — > 5 be a holomorphic immersion making the following diagram 
commutative 

C S 

IT | p | • 

= 

Finally, let <ti, . . . ,o"at be holomorphic sections of ir, and let mi, . . . ,m7v be 
integers such that the zero-cycle Z w = J2i m i (J i( w ) i s °f degree on each 
component of the curve C w , for each w G W. 
For each i, we get a holomorphic map 

«i = pr 2 oro^io(7 i :iy->S', 

and for each complex valued two-form uj on S, we get a two-form 

i 
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on W. This two-form uj is Mumford's pull-back of the two-form ui on S (see 
[7]), for the family of zero-cycles (pr 2 or ocf)(Z w )) we w of S parametrized by W . 

On the other hand, for each w G W, we have the Abel-Jacobi invariant 
e w '■= &c w ,s G J(C W x S)tr or its real version 

e w := e Cw ,s G H\C W ,Z) ® % H 2 (S, Z) tr <g>z K/Z. 

Canonically identifying H 1 (C W ,'L) and H 1 (Cq,7,), we can view (e^)^ 
as a map 

e:W ^ H\C , Z) (g> z # 2 (S, Z) tr ®z R/Z. 

Clearly e is differentiable (and in fact real analytic since the Abel-Jacobi in- 
variants vary holomorphically with the parameters). 

Next, for w G W, the 0-cycle Z w is homologous to on C w , hence has 
a corresponding Abel-Jacobi invariant f w G J(C W ), or its real version f w G 
H X {C W ,'L) ®i M/Z. Identifying canonically H 1 (C w ,1j) and H 1 (Cq,Z), we can 
view (f w ) w ew as a map 

/ : W -> H^Cq,^) ®z M/Z. 

Again it is easy to see that / is real analytic. 

Now we differentiate e and / to get one-forms 

de G n% ® z H 1 (C , Z) ®z # 2 (5, Z) tr , df G fi^ ®z H 1 (C , Z) . 

Finally we can contract tie A df using the intersection pairing on H 1 (Cq, Z), to 
get a two-form 

2 

cfeAd/ e/\fi& ® z F 2 (S, Z) tr . 

We can view deAdf as an element [deAdf] of Homz(ff 2 (S', Z) tr ", A 2 ^vf)> which we 
can extend by C-linearity to an element [de A df] of Homc(ff 2 (S, C)t r ~, A 2 ®w)- 
Now let w be a (2,0)-form on S, with class [uj] G H 2 (S, C) tr " Our main 
result in this section is the following: 

Proposition 2. For a holomorphic two-form u> on S, there is the point- 
wise equality of two-forms on W 

(3.3) u = [de A(i/]([w]). 

The proof of formula (3.3) given below is a simplification of the original 
proof, following a suggestion of P. Griffiths. It goes essentially as follows: Note 
first that 

(3.4) de A df([u\) = de([ui]) A df, 

where de G Horn (H 2 (S, C) tr ~, i? 1 (C , C) ® fi^) is the C-linear extension of 
de G Hom(fl" 2 (5,Z) tr -;fl' 1 (Co,Z) ® fiff,). 
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Then if / G C°°(W) ® H\Cq, R) is a lifting of /, we have 

(3.5) de(H)Adf = -d((de(H)/». 

Now let a;' be the two-form on C induced by w via pr 2 o r o 0. Then u;' induces 
a section of fic/w ® ^*^w on C, that is a section /3 W of H 1 ' <8> Qyv on VF. The 
first step is to show (see Lemma 5) that 

(3.6) de{[uj\) = U , 
via the natural inclusion 

H 1 ' 8fl w c^®^ = H\C ,C) ® 

Next we use the definition of the Abel-Jacobi map which says that there exists 
a differentiably varying path j w on C w such that d~f w = Z w , and for any 

(3.7) ( V ,f w ) = [ v 
Combining (3.4), (3.6), and (3.7), we see that we have to show 

(3.8) £u = -d([ ft,), 

where / ft, is the one- form ip on defined by = / 7tu Pcj( u ) for u G T^ w . 
But (3.8) is essentially the homotopy formula since u/ is closed. 

We now check the details of this outline of the proof and consider first the 
form de; we can view it as a map 

[de] : H 2 (S,Z) t ;^ ® Z H\C Q ,Z), 
which can be extended by C-linearity to a map 

[de] : H 2 (S,C) t ;^ C H\C ,C)- 
On the other hand, we have on C the exact sequence 

-»■ 7T*S7^ -> fi£ -> 7T*fivP (g) fi C /VK ->■ 0. 

The form lo' = cf)*T*u; then has an image 

ft, € n w ®H lfl , Sl w = Q$ 
where H 1 ' = 7r*tt C /w is the Hodge bundle with fiber H l >°(C w ) C ^(C^C). 
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Lemma 5. For any w € W, the following equality 

[de]([u]) w = [f3 w ) w 

holds via the inclusion 

tt W)W ® H lfi {C w ) C Q^ tW ® H\C W ,C) = ^w,w ® H\C ,C). 

Proof. Recall that e w G Horn (if 2 (5, Z) tr ", if^C*™, Z) ® z M/Z) is obtained 
from the mixed Hodge structure on H 2 (S W , C w , Z) tr , which fits into the exact 
sequence 

(3.9) -> ff 1 Z) -> ff 2 ^™, C W) Z) tr -> if 2 (5, Z) tr -> 0, 

as follows: the extension class of this extension is the class of the difference 
a H - <rz G Homz(if 2 (S, Z) tr ", ii 1 (C tt) , C)) in the quotient 

where er^ is a Hodge splitting of the sequence 3.9, and a% is an integral splitting 
of the sequence 3.9. The identification 

Home (if 2 (S, CV, if 1 (C w , C))/F°Hom (H 2 (S, C) tr ", H\C W , C)) 
Hom R (ff 2 (S,K) tr -, if 1 (C W ,R)) = Hom z (ff 2 (^Z) tr ",ff 1 (C7 w , 



means simply that there is a unique splitting <jh,r of the sequence 3.9 which 
is both Hodge and real. Then e w is the class of 

ch,r -ffze Hom z (ff 2 (S, Z) tr ", H\C W ,R)) 

in the quotient Hom z (if 2 (S, Z) tr ", if 1 {C W , Z) ® z M/Z). 
Now we have the following: 

Lemma 6. For uj a holomorphic two-form on S, <jh,m.([w])(w) is the class 
ofr*(Lo) in H 2 (S W , C w , C) tr , (which is well-defined since t^lo vanishes on C w ). 

Proof. This follows from the fact that 



F 2 H 2 (S w ,C w ) tT - F 2 H 2 (S w ) tT - F 2 H 2 (S) 



tr, 



so that there is a unique Hodge splitting of the sequence 3.9 over F 2 ff 2 (5) tr . 
On the other hand the map [u] i-> class of t^(uj) in H 2 (S W , C w ,C) tI gives such 
a splitting as does <TH,R\ H 2,orgy □ 

Let TC^ be the flat vector bundle on W with fiber if 1 (C W , C), and V c be 
its Gauss-Manin connection. Similarly let H 2 -. s , c be the flat vector bundle on 

W with fiber if 2 (S W , C w , C) tr , and V s / C be its Gauss-Manin connection. By 
definition, and by Lemma 6 we have the equality: 

(3.10) [d e ](M) = V 5 / C ([r*a,]), 
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where [t*u>] denotes the section of H.^ s j c whose value at w is the class of 

t*uj in H 2 (S W ,C W ,C). (Notice that V s/c ([t*lo}) belongs to <g> H^, since 
the projection of [t*co] in the quotient bundle Hq S with fiber H 2 (S w ,C) tr is 
obviously flat.) The proof of Lemma 5 follows now from the equality 3.10, and 
from the following general statement: 

Lemma 7. Consider a commutative diagram of differentiable smooth 
fibrations 

C ^ S 

71" I I P , 

w = w 

and let Q, be a closed r-form on S, such that Q\c w = 0> f or an V w £ W. Then 
for the corresponding section [Q] of the bundle H£/ C , V 5 / c ([0]) (which belongs 
to n w ® n r c - l in r s v ) can be described as follows: the restriction of ft to C 
projects naturally to a section of Q^,~J^ £3 ir*(Q\y), which is in fact vertically 

closed, hence gives a section /3q offlw <8>Hc _1 ; its image in 
is equal to V S / C {[Q]). 

Proof. Since the result is local, we may assume that our diagram of 
fibrations is trivial, that is, identifies to the inclusion C x W C S x W for some 
C C S. For w G W, u G T WjW , vf /C ([ft]) is the class of the form (d(mt u n) + 
mtu(d£l))\sxwi which is closed and restricts to on C w , in H r (S w ,C w ), where 
u is the section of TsxW, defined along S x w and lifting u. Since is closed, 
we get 

Vf/ C ([fi]) = class of d(int s n)| 5xTO in H r (S,C). 

Of course d(mtuQ)\ Cxw = 0, and the class of mtuQ,\ Cxw in // r_1 (C) is by 
definition equal to (3q(u). To conclude, it suffices to note that for an exact 
r-form (3 = d"f on S vanishing on C, its class in H r ~ l (C) / i? r_1 (S) C H r (S, C) 
is the projection of the class of 7|c G H T ~ 1 (C). So, Lemma 7, hence Lemma 5 
are proved. □ 

Now let / be a C°° lifting of / to a function with value in i7 1 (Co,M). It 
is clear that we have 

(3.11) deAdf([co]) = -d({de([co})J~)), 

where ( , ) is the intersection form on i? 1 (Co,C). Now we use the definition 
of the Abel-Jacobi map or Albanese map to compute this bracket; the point 
f w G -H -1 (C w , K) projects to 

and we have the equality, for rj G H 1,Q (C W )) 
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(3-12) (v,L) = (V,fy) = I V, 

for an adequate choice of a path ^ w in C w such that dj w = Z w . 

Next, by Lemma 5, we can use this formula to compute (de([u]),f) and 
this gives 

(3.13) <[<fe](M),/> = (^,/ ' 1 ) = / U , 
where the right-hand side is the one-form tp on W defined by 

^(n) = / p u (u), 

J-fw 

for u e Tw,w 

By (3.11) and (3.13), to conclude the proof of Proposition 2 we have now 
only to prove the following: 

Lemma 8. Let u/ be a closed holomorphic two-form on C with induced 
section /3 U of H 1,0 <8> Qw- Let j w C C w be a differ entiably varying family of 
paths such that dj w = Z w ; then 

(3.14) E m ^ V = ~ d {l^)- 

Proof. It is clear that it suffices to prove equality (3.14) when we have 
only two sections a±, 02, and m\ = 1, 777,2 = — 1- We may furthermore assume 
o~i(w) 7^ 0-2(77') for all 777 <G W, since it suffices by continuity to prove the 
equality at the generic point of W, where this is true. (Otherwise the two 
sections coincide, and both sides of the equality are equal to zero.) Next, since 
the result is local, we can assume there is a C°° trivialization of the family 
7r : C — > W in such a way that the two sections become constant and that 
there is an induced trivialization of the family of paths ^y w : 

C = W x C 
W = W 

with 0-4(77;) = (w,Ci) and -f w (t) = (w,j(t)), t G [0,1], with 7(0) = c 2 , 7(1) = c\. 
Denote by T : W x [0, 1] -> C the map 

Id x 7 : W x [0, 1] -» W x C C, 

and let u" = T*(u'). The form oj" can be written 

(3.15) u" = r] + 5 Adt, 
where 77 <G pr*fipp C , (5 <G prJO^C- Then we have 
(3-16) al(uj') - a 2 (u/) = rj\ Wxl - V\WxO- 
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Furthermore, since u>" is closed, the homotopy formula says 
(3.17) V\Wxi-ri\Wxo = ~d{J o S t dt). 

Finally let u <G Tw and let u be its natural lifting in Tc given by the trivial- 
ization: then by definition of (3 W we have @u>{ u ) = ^•u{ ljJ ')\T C / w - Pulling this 
back to W x [0, 1] via T, and using (3.15) we get 

5 w ,t(u)dt = n/*({/3 u ) w (u)). 

Fixing w, u and integrating over t, we get 

(Pu)w(u) = [ S Wtt (u)dt; 



that is, 

f U = f S t dt. 
Jy Jo 

Then formula 3.14 follows from the equality above and from (3.16), (3.17). 
Thus Lemma 8 and Proposition 2 are proved. □ 

4. The nontriviality of ty\ 

We will prove in this section the following theorem: 

Theorem 3. Let S be a surface with h 2,0 ^ 0; then ip 2 {S) ^ s nontrivial 
modulo torsion. (In fact the proof will show that Itm/i^S) mod. torsion is 
infinite dimensional.) 

The proof will be based on Propositions 3 and 4, which allow us to apply 
Proposition 2. 

We work with the notation introduced at the beginning of Section 3, that 
is with the diagram 

C ^ S ^ W x S 

W = W = W 

together with sections <jj of ir, and integers rrii, defining a family of zero-cycles 
Z w homologous to zero on C w . They allow us to define functions 

w ^ e w g H l (C , Z) ® z H 2 (S, Z) tr Z R/Z, 

w^f w eH\Co,Z) ®z R/Z, 

and by definition ip 2 {(pT 2 o r o (f>)*Z w ) is the projection modulo U^iS) of the 
product 

e w - f w eH 2 (S,Z) tI 
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This product has the following explicit form: let {ai,(3i}, 1 < i < g, be a 
symplectic basis of H 1 {Cq,2) and let {7-,} be a basis of H 2 (S,Z) tr ; then we 
can write 

e w = Phi { W )® a i®lj + Yl Xij Ij , 

fw = ^24>i( w ) ® + 51 &( w ) ® A' 

i i 

and we have 

(4.18) e w • f w = ^ (£2 Pi,j (w)®zipi{w) -^2 Xi,j (w) ®i fa (w) ) <8> 7j • 

We prove now: 

Proposition 3. Let V C W be a smooth real analytic subset, such that 
for any w £ V, the product e w ■ f w vanishes in H 2 (S, Q) tr <X>q> M/Q ®q M/Q. 
T/ien £/ie H 2 (S,W) tT -valued two-form de A d/ (see Section 3) vanishes on V. 

Proof. It suffices to prove that for any index j the hypothesis (e w -f w )j = 
in K/Q, for any a)£l^, implies that (deAdf)j = on V. We may assume that 
V is connected. We have then: 

Lemma 9. There exist I\, i2 C {1, . . . ,g}, a dense subset V' C V and 
coefficients 

mk g Q,ie/i,fee{l,...,s}-/i, 
/4 g Q, I eh, ke{l,...,g}-h, 
v im G Q,ie/i,me{l,...,j} - 12, 
G Q, I G I 2 , mG {l,...,(/}-/ 2 , 

smc/i that for v G V', the elements fa{v)i^i 1 , ipi(v)i £ i 2 form a Q-basis of the 
Q-vector subspace of M/Q generated by the fa{y), ipi(v), 1 < i < g. Also, the 
following relations hold everywhere on V 

(4.19) 

fa( w ) = XI ^ikfa{w) + ^2 fjf lk i/}i(w) in M/Q, k G {1, . . . ,g} - h 

ieh leh 

^m{w) = Vimfa{w) + Y V lrrM w ) in K /Q; m G {1, . . . ,fl>} - I 2 . 

ieh leh 

Proof. Any relation J2i lifa{w) + J2i l'ifa( w ) = in M/Q holds everywhere 
on V or only on a countable union of proper real analytic subsets of V. If 
we consider all possible such relations, it follows from Baire's theorem that 
there is a dense subset V' C V such that for any wq G V , any relation 
Ej lifa(wo)+T,i lii>i{wQ) = in M/Q implies that £i 7i<M™)+Ei l'i4>i{w) = 
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in R/Q, for any w G V. Choosing for such wq a basis (fii(wo), tpi(wo), i G I±, I G 
I2 of the Q-vector subspace of R/Q generated by the </>;(u>o), ^(wo), 1 < * < 9, 
gives the result. □ 

Now in formula (4.18) we replace 4>k(w) and if) m (w) by their expressions 
in (4.19), which gives 

(e w ■ f w )j = Y Pij( w ) ® ^i( w ) + Y Pmj(w) 

leh m02 
®(Y U im<Pi{w) + Y U lmM w )) 

ieh leh 

~ Y Xij(w) <8> (f>i(w) - Y Xkj(w) 
ieh kfLh 

® Y PikMw) + Y p'lkMw)), 

ieh leh 



where the equality holds in 

Now we use the fact that 4>i(w) and ipl( w ) are independent over Q for 
w in the dense subset V'. Then for w G V the condition (e w ■ f w )j = in 
R/Q <g>Q R/Q implies 

(4.20) ^-(w) + ]T ^' m p m » - Y PikXkj(w) = in R/Q, V/ G J 2 

-Xij(^) + 51 u imPmj(w) - Y PikXkj(w) = in R/Q, Vie h. 
rn^h kgh 

But recall that V is the complementary set in V of a countable union of proper 
real analytic subsets. So the equalities (4.20), being satisfied on V', must hold 
everywhere on V. 

Now we can differentiate (4.19) and (4.20): indeed these equalities mean 
that for liftings of the functions (/>i,ipi,Xiji Pkj to functions with values in R, 
the corresponding equalities hold modulo some (necessarily constant) rational 
numbers. This gives 

(4.21) d(j) k = Y Pikd4>i + Y /4#«> k G {1,... ,g} - h 

ieh leh 

d^m = Y U imd4>i + Y U lm d ^U ™ G {1, . . . , g} - I 2 - 

ieh leh 

(4.22) dpij + Y v'lmdpmj ~ Y Pik d Xkj = 0, for all I G I 2 

m^h kgh 

-dXij + Y "irndprnj ~ Y PikdXkj = 0, for all i G h. 

m02 k0\ 



470 



CLAIRE VOISIN 



Next we have 

(de A df)j = (de)j A df = ^ dpij A dipi — ^ dxij A 

i i 

which shows that this is equal to zero, by (4.21) and (4.22). Now Proposition 3 
is proved. □ 

Combining Proposition 2 and Proposition 3, we conclude: 

Corollary 1. Under the assumptions of Proposition 3, the pull-back 

ui = ^mj(pr 2 o r o (p o (Ti)*{u) 

i 

of any holomorphic two-form lo on S vanishes on V. 
Next we have the following: 

Proposition 4. Assume the map ^(S) vanishes modulo torsion in 
J<2(S); then there exist data 

C S ^ W x S 

7T [ pi pr x i 

W = W = W 

together with sections U{ of it, and integers m;, defining a family of zero- cycles 
Z w homologous to zero on C w satisfying the following properties: 

- There exists a map tp = (ipi, ^2) : W — > S x S such that 

(pr 2 o r o <f>)*Z w = ipi(w) - ip2(w) 
as a zero-cycle of S, for any w € W. 

- There is a smooth locally closed real analytic subset V C W such that for 
any w £ V, e w ■ f w vanishes in H 2 (S, Q) tr <8>q M/Q <8><q M/Q, and ip\y is 
a submersion. 

Clearly this proposition implies Theorem 3; indeed, if V'K^) vanishes mod- 
ulo torsion in J^S), Proposition 4 and Corollary 1 give a submersive map 
ip : V — > S x S 1 such that for any holomorphic two- form w on 5, 



vanishes on 7. It follows that pr*(cj) — prJ^u;) vanishes on an open set of S x S, 
hence that u = 0. So we have proved that ip2(S) = modulo torsion implies 
# 2 >°(S) = {0}, that is, Theorem 3. □ 
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Proof of Proposition 4. By definition of ip^ the assumption implies that for 
any (x±, x<i) G S x S, there exist a smooth curve C, a zero-cycle Z homologous 
to zero on C, and an immersion <j) : C <^-> S of C in a surface 5 — > S 1 birational to 



;tr*< 



S 1 , such that To<f>*(Z) = x\—%2 and ec,S'fz,c = in H (S. 
Now note that there are countably many quasi-projective varieties (that we 
may assume smooth by desingularization) W m , together with data 

C m S m — > Wm X S 1 

7T m | /? m I Pri | 

^ m = ^ m = ^ m 

with sections erf 1 of 7r m , and integers ra™, defining a family of zero-cycles Z, m 
homologous to zero on C™, and satisfying the following properties: 



w 



- There exists a map V'm = (4>T '^T) '■ W m — > 5 x 5 such that 
(r m o (f) m )*Z™ = ^™{w) — ip™{w) as a zero-cycle of S, for any w G W m . 

- Any set of data ((a?i, X2), C, Z, 0, r) as above, such that r o 4>*{Z) = 
x\ — %2 identifies with the data parametrized by some point w G W m , 
with (xi,x 2 ) = ip m (w). 

On each W m , we have the locally defined maps 

e m :W m -> H 1 (C^ l ,Z)® z H 2 (S,Z) tr ^ z R/Z, 
f m :W m -> H\CF,Z)®zVL/Z, 

(which are globally defined as sections of a flat bundle) , and their product 

e m • f m ■■ W m -> # 2 (S, Q) tr ®q R/Q <8><q R/Q. 
So the assumption of Proposition 4 is that 

< Sx < S = (J^ m ((e m -/m)- 1 (0)). 

m 

We have now: 

Lemma 10. Locally (e m ■ / m ) _1 (0)) is a countable union of real analytic 
subsets of W m . 

Assuming Lemma 10 we have countably many locally closed real analytic 
subsets W™ C W m on which e m ■ f m vanishes, and such that 

m,n 

Stratifying each W m into smooth real analytic subsets, we may assume the W m 
are smooth. The theorems of Baire and Sard imply now that for some (m,n), 
ip m \w™ m ust be submersive at some point of W m , hence on an open subset V 
of it. So Proposition 4 is proved, with W = W m , tp = ip m . □ 



472 



CLAIRE VOISIN 



Proof of Lemma 10. The proof was almost completed in the course of the 
proof of Proposition 3. With the notation introduced there (and forgetting the 
subscript m), it follows from the computations made there that, for the j th - 
component (e • f)j of e • /, (e • /)~ 1 (0) C W can be written locally as the count- 
able union of the sets W Il j 2 ^. k ^ fl >j k ^. m y t C W where the equations (4.19) 
and (4.20) are satisfied. But choosing (locally) liftings of the fa, ipi, pij, Xij 
to real analytic functions with values in R, one sees immediately that each 
W T , iv „., „/ ... ,/ is a countable union of real analytic subsets of W. Now 
the lemma is proved, since (e • /) _1 (0) = f]j( e ' Dj 1 ^)- □ 

Remark 1. More generally, we have proved that in x S^ k \ the set Z of 
points (z\,Z2) such that i\)\(z\ — z-i) = mod torsion is covered by a countable 
union of images of real analytic sets V,ip : V —> x S^ k \ such that for any 
holomorphic two-form uj on S with induced form u>k on S^ k \ ipl^k ~ ^2 u k 
vanishes on V. Hence, the Mumford argument (see [7]) applies to show that 
Im^l m °d torsion is infinite dimensional. Indeed, if z € is a general point, 
the two-form i^loJk — ^2 u k is nondegenerate at (z,z), so that its real part is 
also nondegenerate, and the fact that it vanishes on Z implies that the real 
dimension of any component of Z passing through (z, z) is at most equal to 

d ' mRS 2 xS — = diniR S^l. But any component of Z passing through (z,z) has 
to dominate an open set of by the first projection, if z is chosen outside a 
countable union of real analytic sets. It follows that the map z' i— > ^{z' — z) 
has almost all of its fibers countable in some neighbourhood of z. Hence the 
dimension of its image, defined as diniR — dimR (general fiber), is equal to 
dimR S^l , which tends to oo with k. Here general is with respect to the real 
analytic Zariski topology and the dimension of a fiber is well-defined since the 
fiber is covered by a countable union of real analytic sets. 
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